Abstract. In 1985 M. Smith constructed a nonmetric pseudo-arc; i.e. a Hausdorff homogeneous, hereditary equivalent and hereditary indecomposable continuum. Taking advantage of a decomposition theorem of W. Lewis, he obtained it as a long inverse limit of metric pseudo-arcs with monotone bonding maps. Extending his approach, and the results of Lewis on lifting homeomorphisms, we construct a nonmetric pseudo-circle, and new examples of homogeneous 1-dimensional continua; e.g. a circle and solenoids of nonmetric pseudo-arcs. Among many corollaries we also obtain an analogue of another theorem of Lewis from 1984: any interval map is semi-conjugate to a homeomorphism of the nonmetric pseudo-arc.
Introduction
The present paper is motivated by a well-known open problem in topology.
Problem: Classify homogeneous compacta.
Mislove and Rogers showed in [23] that each homogeneous compact metric space is the Cartesian product of a homogeneous continuum Y and the set C, where C is the Cantor set, or a finite space. Recall that a compact space X is homogeneous if for any two points x and y in X there exists a homeomorphism h : X → X such that h(x) = y. Among the well-known homogeneous compact spaces there are objects such as the circle, Cantor set, surfaces of the sphere and torus, and 1-dimensional Vietoris solenoids. Finite spaces are homogenous in a trivial way. Despite the fact that some spaces are not homogeneous, they are very close to being so and in this case it is useful to look at their degree of homogeneity. We say that the degree of homogeneity of the space X is 1/n, where n is a cardinal number, when the group of homeomorphisms of X has exactly n orbits; i.e. X has exactly n topologically distinct types of points. A classical nontrivial example of a 1/2-homogeneous continuum is the Sierpiński carpet [19] . There is another group of compact spaces that are very close to being homogeneous in the sense that their homeomorphism groups act minimally on them. Namely, we say that X is nearly homogeneous when for any pair of points x and y in X and any open neighborhood U of y there exists a homeomorphism h : X → X such that h(x) belongs to U . There are examples of spaces that are nearly homogeneous, although their degree of homogeneity is 1/n for no n ∈ N. One such example is a compactum that belongs to a class of hereditarily indecomposable continua, particularly important from the view point of this study. We say that Y is an indecomposable continuum if it cannot be represented as the sum of two proper subcontinua. Continuum Y is hereditarily indecomposable if every subcontinuum is indecomposable. Two particularly prominent examples of hereditarily indecomposable continua are a pseudo-arc and pseudo-circle, sometimes referred to as bad fractals due to their very complex structure and certain degree of self-similarity. Pseudo-arc is a space first constructed by B. Knaster in the 20s of the XX century [18] . It is a one-dimensional planar continuum, that does not separate the plane, and is homeomorphic to any of its subcontinua [24] . In the 40s R.H. Bing showed that the pseudo-arc is homogeneous [3] and later, with Jones, he constructed a homogeneous (decomposable) circle of pseudo-arcs [6] . Bing also constructed the pseudo-circle [4] , the unique hereditarily indecomposable planar cofrontier. The pseudo-circle is nearly homogeneous [17] , though neither homogeneous [10] , [27] nor 1/n-homogeneous for any n > 1. Lewis showed that for any 1-dimensional continuum Y there exists a continuum Y ′ that admits a continuous and monotone decomposition into pseudoarcs, and if Y is homogeneous then so is Y ′ [22] . Most recently in [13] Hoehn and Oversteegen classified all planar homogeneous continua as: the circle, pseudo-arc, and circle of pseudoarcs. It is noteworthy that the pseudo-arc appeared quite recently also in studies concerning other areas of mathematics, such as functional analysis and logic. In 2005, Rambla [26] and Kawamura [16] showed independently, that the pseudo-arc minus a point provides a counterexample to the Conjecture of Wood, formulated in the early 80s, about the existence of certain Banach spaces with transitive group of isometries. About the same time Solecki and Irwin [15] obtained the pseudo-arc as the quotient space of a projective Frïssé limit of reflexive linear graphs. Expanding their tools, in 2014 Kwiatkowska showed that the pseudo-arc has a dense conjugacy class of homeomorphisms [20] , reproving the result of Oppenheim from 2008 [25] . These findings further confirm the importance of research on hereditary indecomposable spaces and their significance beyond a narrow area of mathematics. Moreover Smith's nonmetric pseudo-arc has recently provided another counterexample to Wood's conjecture [8] , which highlights the importance of including the nonmetric hereditarily indecomposable continua in future studies. In the present paper, building on the approach of the second author, and heavily relying on Lewis' results for the metric pseudo-arc, we extend Lewis' results to prove the following.
Theorem A. For every one-dimensional metric continuum M , there exists a continuum M ω1 such that M ω1 has a continuous decomposition into nonmetric pseudoarcs, and the decomposition space is homeomorphic to M . Additionally:
(2) Every homeomorphism of M lifts to a semi-conjugate homeomorphism of M ω1 . (3) M ω1 admits a Whitney map onto a long arc.
We also give an analogue of another result of Lewis. In [21] he showed that any selfmap of an arc-like continuum is semi-conjugate to a pseudo-arc homeomorphism. In the present paper we exploit his result to connect one-dimensional dynamics to the dynamics on Smith's nonmetric pseudo-arc.
Theorem B. Every interval map is semi-conjugate to a homeomorphism of Smith's nonmetric pseudo-arc.
The paper is organized as follows. In Section 2 we recall some preliminary facts, including the results of Lewis and properties of Smith's nonmetric pseudoarc. In Section 3 we describe the construction of continuous curves of nonmetric pseudo-arcs and discuss some curious applications of the method. One of them is the aforementioned result on the semi-conjugacy of interval maps with homeomorphisms of the nonmetric pseudo-arc. In Section 4 we show that our long inverse limit approach cannot be continued beyond ω 1 , as in a sense it stabilizes at this step. In Section 5 we observe that any continuous curve of nonmetric pseudo-arcs from Section 3 admits a generalized Whitney map onto the long arc. We conclude our paper in Section 6 with some questions on Smith's nonmetric pseudo-arc.
Preliminary results
Recall that given a graph G, a continuum X is called Theorem 2.1 (Lewis [22] ). Suppose that M is a one-dimensional metric continuum. Then there exists a one-dimensional continuumM and a continuous decomposition G ofM into pseudo-arcs so that the decomposition spaceM /G is homeomorphic to M . Furthermore if π :M →M /G is the mapping so that π(x) is the unique element of G containing x and h :M /G →M /G is a homeomorphism then there exists a homeomorphismĥ :
Thus we have an open and closed map π so that the following diagram commutes: [22] ). Under the hypothesis of Theorem 2.1, if for some element g ∈ G we have x, y ∈ g then there exists a homeomorphismĥ so that h(x) = y and π •ĥ = π. Theorem 2.3 (Lewis [22] ). Suppose that X is a pseudo-arc and G is a continuous collection of pseudo-arcs filling up X so that for each x ∈ X, π(x) is the element of G containing x and Y = X/G. Then Y is a pseudo-arc, and if h : Y → Y is a homeomorphism then there exists a homeomorphismĥ : [22] ). Suppose X is a metric chainable continuum and f : X → X is a map. Then there exists a pseudo-arc homeomorphism h : P → P and a continuous surjection p : P → X such that f • p = p • h. In particular, p gives a semi-conjugacy between f and h.
The following result will also be essential to our proofs.
are inverse limits and there is an index γ < ω 1 and a collection of mappings ϕ δ for δ > γ the following diagram commutes:
Then there is an induced mapping ϕ : X → Y so that the following commute:
In [29] the second author constructed a nonmetric Hausdorff hereditarily indecomposable arc-like continuum, as an ω 1 -long inverse limit of metric pseudo-arc with monotone, open and closed bonding maps, since then referred to as Smith's nonmetric pseudo-arc. The following theorem lists some of the known properties of that space. Theorem 2.6. Let P ω1 be Smith's nonmetric pseudo-arc. Then
(1) P ω1 is homogeneous and hereditarily equivalent [29] , (2) P ω1 is separable [8] , (3) P ω1 is not first countable at any point [8] , (4) P ω1 contains a convergent sequence [8] .
In the next section we are going to generalize Smith's construction to other metric continua.
Continuous curves of nonmetric pseudo-arcs
Theorem 3.1. For every one-dimensional metric continuum M , there exists a continuum M ω1 such that M ω1 has a continuous decomposition into nonmetric pseudoarcs, and the decomposition space is homeomorphic to M .
Proof. Let M 0 = M be a one-dimensional continuum. By Lewis' decomposition theorem there is a continuum M 1 , a collection G 1 of mutually disjoint pseudo-arcs in M 1 , and an open and closed map p 0 : M 1 → M 0 such that x ∈ M if and only if the point-inverse p
0 (x) = g then P 0 is a homeomorphism. Suppose that n > 1 is an integer and M n , G n , p n−1 , P n−1 , have been constructed. Then, by Lewis' theorem, there is a continuum M n+1 , a collection G n+1 of mutually disjoint pseudo-arcs in M n+1 , and an open and closed map p n : M n+1 → M n such that x n ∈ M n if and only if the point-inverse p is closed and open. We continue by transfinite induction to construct M α for every α < ω 1 as in [29] . Suppose that α is an ordinal and that M β , G β , p β γ , have been constructed for all γ < β < α. Case 1. α is a limit ordinal. Then define:
Case 2. α is not a limit ordinal. Since α is a countable ordinal, M α−1 is a one-dimensional metric continuum. Then by Lewis' decomposition theorem there is a continuum M α , a collection G α of mutually disjoint pseudo-arcs in M α , and an open and closed map p
and let p ω1 α be the natural projection onto the αth coordinate space M α . We now show that M ω1 is a continuum with the desired properties. −1 (x) will be homeomorphic to lim ← − {p
But this is the countable inverse limit of hereditarily indecomposable chainable metric continua and so it must be a metric chainable hereditarily indecomposable continuum as well, and so it is the pseudo-arc by its uniqueness. For α a successor ordinal, (p
and so is a pseudo-arc by Theorem 2.3.
It follows from Lewis' construction that if M is G-like then his "M of metric pseudo-arcs" is G-like as well. Because of the inverse limit construction it follows that the nonmetric M ω1 will be G-like as well. Moreover, since p ω1 0 has acyclic fibers, by Vietoris-Begle mapping theorem [30] , the 1stČech cohomology groups of M ω1 and M will be isomorphic. An interesting consequence is the existence of a nonmetric pseudo-circle.
Corollary 3.2.
There exists a nonmetric pseudo-circle C ω1 ; i.e. a hereditarily indecomposable, nonchainable circle-like continuum such that its 1stČech cohomology group is Z. In addition, there is an open map π ω1 : C ω1 → C, where C is the pseudo-circle. Proof. We proceed by transfinite induction applying Lewis' result for the metric pseudo-arc to the above inverse limit construction. Let h : M → M be the given homeomorphism. Then by Theorem 2.1 there exists a homeomorphism h 2 : M 2 → M 2 so that the following diagram commutes:
Suppose that h α has been constructed for all γ < α so that for β < γ we have p The following corollary can be proved following the arguments presented here, combined with those in the proof of Lemma 4.1 in [7] . Proof. Fix n > 0 and let S n be a hereditarily decomposable 1 n -homogeneous solenoidal continuum constructed in [14] . Then by Lemma 4.1 in [7] there exists a 1 n -homogeneous solenoidal continuum of pseudo-arcs. Now proceed to the long inverse limit. The details are left to the reader as an exercise. Theorem 3.9. Suppose X is a metric chainable continuum and f : X → X is a map. Then there exists a homeomorphism of the nonmetric pseudo-arc h : P ω1 → P ω1 and a continuous surjection p :
Proof. Let M be the pseudo-arc P , then applying Theorem 2.4 there exists a homeomorphism h : M → M and a continuous surjection q : M → X such that f •q = q•h. Then from Theorem 3.3 there is a homeomorphism h ω1 :
It is straightforward to verify that h ω1 will be the required map.
More on decompositions of M ω1
In this section we are interested if the procedure described in the previous section could be extended beyond ω 1 , as to produce other nonmetric pseudo-arcs and corresponding new decompositions. As we shall show, this is unfortunately not possible by the same approach, as any decomposition space of M ω1 must be a metric continuum.
be the non-metric one-dimensional continuum constructed above. Suppose that G is a continuous collection of nondegenerate continua that fills up M ω1 . Then M ω1 /G is a one-dimensional metric continuum.
Proof. Recall: M 0 is an arbitrary one dimensional metric continuum. For α > 0, α a successor ordinal, G α = {f
} is the continuous decomposition of M α−1 used to construct M α . We state and prove some claims concerning a single element H ∈ G.
Claim 4.1.1. Let H ∈ G and suppose that α is the first coordinate so that π α (H) is non-degenerate. Then α is not a limit ordinal.
Proof. (of Claim 4.1.1) If α is a limit ordinal then M α is the inverse limit of the spaces {M γ } γ<α . Then if π α (H) is non-degenerate, there must be a γ < α so that f α γ (π α (H)) is non-degenerate which contradicts the hypothesis.
Suppose that α is defined as in Claim 1; we are interested in the case where α > 0. So suppose that π α (H) is a subset of f −1 α−1 (p) for some point p ∈ X α−1 . Then for γ < α, π γ (H) is, by definition, a singleton. For claims 2 and 3 suppose that H ∈ G and α is defined as in claim 1. Suppose now that x = {x γ } γ<ω1 ∈ H and consider an arbitrary γ. Then for γ < α we have x γ = π γ (H) since π γ (H) is degenerate in this case. For γ = α, γ is not a limit ordinal so x γ ∈ f −1 γ−1 (x γ−1 ); though it is possible that there is some point y ∈ M with y γ ∈ f −1 γ−1 (x γ−1 ) so that y / ∈ H. Suppose that γ = α + 1. Then since α > 0, by construction π α (H) is a pseudo-arc and there are two points x α and y α so that π α (H) is irreducible from x α to y α . From the properties of continuous decompositions of the pseudo-arc, we also have the fact that f H) ). Therefore, since π α+1 (H) is a union of elements of G α+1 for γ > α + 1 we have π γ (H) = f γ α+1 −1 (π α+1 (H)). So this gives us:
For each non-degenerate subcontinuum H of M ω1 let α H denote the first ordinal α such that π α (H) is non-degenerate. Then the following follows from the discussion preceding Claim 4.1.3:
Proof. (of Claim 4.1.5) Observe that the following collection is closed set in the hyperspace C(M ω1 ) that misses H:
From Claim 4.1.5 and the compactness of M ω1 we have the following: Claim 4.1.6. There exists an ordinal λ so that for each H ∈ G we have α H < λ.
Consider now the collection J = {π λ (H)|H ∈ G} where λ is the ordinal guaranteed by Claim 4.1.6. Then from the above claims and the fact that all the relevant maps are open, J is a continuous decomposition of M λ . This gives us the M ω1 /G is homeomorphic to M λ /J. Since M λ is a one dimensional metric continuum and J is a continuous decomposition of M λ into pseudo-arcs, it follows that M λ /J, and hence M ω1 /G, is a one dimensional metric continuum.
Generalized Whitney maps on M ω1
In [12] Hernández-Gutiérrez proved that there is a generalized Whitney map from the non-metric pseudo-arc of Smith onto the long arc. In the following we generalize his result to the continua M ω1 constructed in Section 3.
Suppose that A is a Hausdorff arc with an order relation ⊳ generating the topology; suppose further that a ⊳ b are the non-cut points of A. Suppose that X is a continuum then the statement that µ : C(X) → A is a generalized Whitney map means that µ is a continuous function and:
Let L = ω 1 × [0, 1) ∪ {ω 1 } with the following order topology, where we use the symbol < for the usual orders on the sets ω 1 and [0, 1):
We call L with the ⊳ order the inverted long arc. For notational convenience we define (α, 1) = (α + 1, 0).
be a non-metric one-dimensional continuum constructed in Section 3. Then there is a generalized Whitney map µ :
Since the one-dimensional continua M ω1 can be decomposed into hereditarily indecomposable continua to yield a metric one-dimensional continua, the techniques of Hernández-Gutiérrez [12] can be used to construct the Whitney map. For the sake of completion, we provide an outline of a construction consistent with our approach. We will need the following fact about continuous decompositions of onedimensional metric continua as constructed above (see [22] ). Suppose that M is a one-dimensional metric continuum, X is a one-dimensional metric continuum and G is the continuous decomposition of X into pseudo-arcs so that M = X/G. Let H ⊂ X. If H intersects two elements of G, then H = ∪{g ∈ G|H ∩ g = ∅}. In particular we have the following property:
If H is a subcontinuum of X, then H is either contained in a single element of the decomposition, or it is a union of decomposition elements.
Notation: Given the above, where f : X → M is the open monotone map associated with the decomposition space, if H ⊂ M then f (H) = ∪{f (x)|x ∈ H}.
Lemma 5.2. Suppose that M is a one-dimensional metric continuum, X is a onedimensional metric continuum and G is the continuous decomposition of X into pseudo-arcs so that M = X/G. Suppose that µ M : C(M ) → [0, 1] is a Whitney map with µ M (M ) = 1. Then there exists a Whitney map µ X :
Proof. Let ν : C(X) → [0, 2] be an onto Whitney map. If K is a subcontinuum of some element of G then let g K denote that element; for K ∈ C(X) define
From the definition of ν and property D, it follows if H, K ∈ C(X) and H K then µ X (H) < µ X (K). Now we are ready to prove Theorem 5.1.
Proof. Let M 0 be an arbitrary one dimensional metric continuum. For α > 0, G α = {f Observe that if H and K are two elements of J 0 and H K then µ(H) ⊳ µ(K); also observe that the continuity of µ 0 implies that µ| J0 is continuous. Also observe that µ(M ω1 ) is the maximal element of L with respect to the order ⊳. Suppose now that α is such that µ(H) has been constructed for all H ∈ J β with β < α. Case 1: α is a limit ordinal. Observe that for limit ordinals J α = ∅. Case 2: α is a successor ordinal and H ∈ J α . Then µ(K) had been defined for K ∈ ∪ β<α J β so that µ(K) ∈ [(α, 1), (0, 0)] and restricted to ∪ β<α J β , µ has the Whitney property. Since M α−1 is a continuous decomposition of M α into pseudo-arcs satisfying property D, we wish to apply the lemma. Since topologically [(α, 1), (0, 0)] ⊳ is equivalent to [0, 1] and [(α − 1, 1), (α − 1, 0)] ⊳ is topologically [1, 2] we can let φ : [0, 2] → [(α − 1, 1), (α, 0)] be a homeomorphism so that φ(1) = (α, 1). Then we apply the lemma to obtain µ(H) in terms of µ Mα (H).
Finally for x ∈ M ω1 define µ({x}) = ω 1 . If H ∈ J α , K ∈ J β and α < β then H K and µ(K) ⊳ µ(H). If H, K ∈ J α and H ⊂ K then by construction µ(H)⊳µ(K). So the fact that µ has the Whitney property can be easily verified from the fact that at each stage of the construction the Whitney property is preserved.
We wish to verify the continuity of µ: First observe that for H ∈ C(M ω1 ), if α is the first ordinal so that π α (H) is not degenerate then α is not a limit ordinal. So (α, 1) ⊳ µ(H) (α, 0) = (α − 1, 1); then for some t < 1 there is an open set U in C(M ω1 ) so that if K ∈ U then (α, 0) ⊳ µ(K) ⊳ (α − 1, t). So µ is continuous at H. Consider x ∈ M ω1 and let α < ω 1 , observe that ∪ β>α J β ∪ {{x}|x ∈ M ω1 } is a neighborhood of {x}. So, from the construction of µ this gives us continuity at {x} ∈ C(M ω1 ).
